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Abstract
S and U-duality dictate that graviton scattering amplitudes in IIB superstring theory be
automorphic functions on the appropriate fundamental domain which describe the inequiv-
alent vacua of (compactified) theories. A constrained functional form of graviton scattering
is proposed using Eisenstein series and their generalizations compatible with: a) two-loop
supergravity, b) genus one superstring theory, c) the perturbative coupling dependence of
the superstring, and d) with the unitarity structure of the massless modes. The form has a
perturbative truncation in the genus expansion at a given order in the derivative expansion.
Comparisons between graviton scattering S-matrices and effective actions for the first quan-
tized superstring are made at the quantum level. Possible extended finiteness properties
of maximally extended quantum supergravity theories in different dimensions is implied by
the perturbative truncation of the functional form of graviton scattering in IIB superstring
theory.
e-mail address: chalmers@pcl9.hep.anl.gov
1 Introduction
S-duality has emerged as a self-equivalence structure of the IIB superstring and evidence
has accumulated for its existence. Structures in string theories have in the past yielded
a better understanding of aspects of supersymmetric field theories. In this work we shall
explore a manifestly S-dual compatible, perturbative and non-perturbative, expansion of the
ten-dimensional S-matrix for graviton scattering. This S-matrix is highly constrained by
modular forms, and in agreement with known results in the low energy limit.
Recent work on the effective action in the low-energy limit of the superstring has re-
vealed the modular property of the S-duality invariant graviton scattering to several orders
in derivatives [1, 2], in eleven-dimensional supergravity [3, 4, 5], and for additional couplings
in IIB superstring theory in [6]. We examine the same structure at all orders in derivatives
and generate these terms through the use of modular forms, on the SL(2, Z) fundamen-
tal domain for ten and nine-dimensional theories, and on more complicated domains for
lower-dimensional compactified theories. In related work there have been SL(2, Z) based
reformulations at the level of the world-sheet action [7, 8, 9] which might lead to a similar
description that produces higher derivative corrections compatible with S-duality of the IIB
superstring as for the R4 term [9]. Tests of S-duality at the amplitude level require knowl-
edge of the perturbative expansion for graviton scattering at genus greater than one, and is
formidable. The S-duality of the superstring imposed on the S-matrix leads to non-trivial
predictions for its structure, and predicts contributions from the genus expansion without
performing string perturbation theory.
Standard perturbative expansions involve expansions in the coupling constant, or in
conjunction with large N ; however, Feynman diagrams are typically difficult at high loop
order and alternative approaches are useful. The derivative expansion orderwise must be
compatible with the non-perturbative symmetry structures that exchange weak and strong
coupling and must obey these invariance properties in IIB superstring theory; possibly this
re-ordering avoids summation problems, because of factorial dependence in the diagram
expansion, as it is non-perturbative in the coupling and should thus take into account the
solitonic contributions. Such an expansion is necessarily non-perturbative from the point of
view of the microscopic coupling constant in the maximally supersymmetric theory, although
perturbative in the energy scale for theories without dimensional transmutation. M-theory
in the eleven dimensional limit requires such an approximation, because there is no dilatonic
coupling constant in this eleven dimensional corner.
IIB superstring theory has IIB supergravity describing its zero-mode degrees of freedom.
Compactification to lower dimensions through tori gives rise to several supergravity theories
including the example of maximally extended N = 8 supergravity in four dimensions [10, 11,
12, 13]. The remnant of S-duality, and U-duality in general [14], imposes severe constraints
on the perturbative expansions of the supergravity theories in various dimensions: Primarily,
we are interested in the finiteness properties of the latter theories in this regard. Recently,
N = 8 supergravity in four dimensions has been re-examined, and there is strong evidence
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that the previously thought first primitive divergence of the four-point amplitude does not
occur at three-loops, but at higher order [15]. In specifying the supergravity quantum theory
from the low-energy limit of the superstring, a regulator must be chosen that is compatible
with the global symmetries of the field equations; on the other hand, superstring theory
points to a specific regulator, the one in which S-duality remains as a remnant on the
massless degrees of freedom. At one-loop this is most easily seen in comparing the SUGRA
expansion with the string and its non-perturbative structure.
Further divergence nullifications beyond the known properties of N=8 supergravity re-
quire a field theory mechanism. Recent work in [15] has shown that additional cancellations
not accounted for in superspace powercounting arguments occur. In the explicit construction
of the two-loop amplitudes these additional cancellations follow in the cut construction from
use of on-shell supersymmetry Ward identities. Alternatively, this cancellation occurs be-
cause of S-duality, where this structure permeates to higher order and in various dimensions.
In this work we shall reformulate the expansion of the IIB superstring graviton scattering
using constraints imposed on automorphic functions. A uniqueness theorem regarding the
functional form incorporating additional properties of the scattering elements potentially
allows, given S-duality, a route to computing complete S-matrix elements without pertur-
bative string theory. A further aspect of the modular construction in terms of Eisenstein
functions implies a truncation property in perturbative supergravity defined by the toroidal
compactification of IIB in ten dimensions (or d = 11 supergravity).
This work is organized as follows. In section 2 we examine the general structure of the
low-energy limit of the graviton scattering and the constraints of S-duality in the uncom-
pactified IIB theory. In section 3 we compare the S-matrix with definitions of the quantum
effective action. In section 4 we give relevant properties of the Eisenstein series used in the
construction outlined in section 2. In section 5 we analyze toroidal compactifications to lower
dimensions and the U-duality structure together with the SL(2, Z) subgroup; the emphasis
in this section is on finding further truncations. In section 6 we extract implications for
the graviton scattering in the field theory limit. In the last section we give conclusions and
discuss extensions related to this work.
2 S-matrices and Constraints
In Einstein frame, S-duality exchanges the coupling constant τ = χ+ ie−φ of the IIB super-
string with its inverse, and more generally, under the SL(2, Z) fractional linear transforma-
tion,
τ → aτ + b
cτ + d
. (2.1)
An invariant perturbative expansion for the scattering of gravitons is obtained by expanding
in the string scale α′ at all orders in the perturbative series, rather than in the string coupling
constant gs = e
φ. Such an expansion is necessarily non-perturbative in form from the point
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of view of the string coupling constant, but there are constraints from the known structure
of the perturbative series in supergravity to be compared with.
The low-energy expansion of the string S-matrix is found by expanding the kinematic
invariants parametrizing the scattering at small values below the string scale α′. We define
the Mandelstam invariants relevant for the four-point function by s = −(k1+k2)2, u = −(k1+
k3)
2 and t = −(k2+k3)2. The general structure of this expansion contains polynomial terms
in the kinematic invariants together with logarithmic functions, as demanded by unitarity
of the massless modes. For sij > 4/α
′, the unitarity cuts for the massive modes of the IIB
superstring appear after a resummation of the former terms; an infinite resummation of the
higher derivative terms may produce the required unitarity cuts for the massive string states.
For example, the genus one form for a unitarity threshold of the first massive mode of the
superstring is ln(1−α′s/4) and may be expanded at low-energy as an infinite series in s via∑∞
j=1(α
′s/4)j. The fact that the energy scale of the kinematics is below the first massive
mode of the string is crucial for preserving the manifest S-duality invariant expressions so
far found in the literature.
The string perturbative series is normalized with the conventions
κ210 =
1
2
(2π)7α′4 (2.2)
for the ten-dimensional gravitational coupling constant. Because α′ enters both in the cou-
pling from the ten-dimensional field theory point of view, as well as in the parametrization of
the mass levels, disentangling of the contributions to the amplitudes from the massive modes
verse the massless ones of the string needs to be carried out. However, the contributions
easily separate to genus zero and one in the string perturbative series.
As of yet, there is no known consistent form of the S-duality compliant S-matrix for the
IIB superstring in flat ten-dimensional Minkowski background. The S-duality invariance of
the Einstein frame perturbative expansion demands a stringent form of the scattering, for
example, of four-graviton scattering to low orders in the derivative expansion at fixed, but
small, α′. The work of [1, 2, 16] indicates that the form of the scattering of the polynomial
terms up to twelve derivatives is given non-perturbatively by the series,
S4−point =
∫
d10x
√
g
[ 1
✷3
R4 + E3/2(τ, τ¯)R
4 + E5/2(τ, τ¯)✷
2R4
]
, (2.3)
in Einstein frame. Es(τ, τ¯) are non-holomorphic Eisenstein series (defined in section 4) and
the IIB string coupling is τ = χ + ie−φ. We have included in the first term in (2.3) the
massless bosonic exchange at tree-level. The string coupling constant is gs = e
φ and the
derivatives in the first term is shorthand (2.3) for the factor 1/stu.
The modular construction of the graviton S-matrix is S-duality invariant, and previous
attempts to generalize to all orders followed by examination of the tree-amplitude for four
gravitons [17, 18, 19]. However, it gives incorrect predictions for the one-loop contribution
to the fourteen derivative term ✷3R4.
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Figure 1: The low-energy limit of the four-point string genus one diagram is represented as
an infinite summation of field theory diagrams with a string-inspired regulator.
The tree-amplitude for the scattering of four gravitons in a flat background in IIB theory
is
AIIB4,g=0 = 64R
4 e
−2φ
α′3stu
Γ(1− α′s
4
)Γ(1− α′t
4
)Γ(1− α′u
4
)
Γ(1 + α
′s
4
)Γ(1 + α
′t
4
)Γ(1 + α
′u
4
)
, (2.4)
or in an alternative form,
AIIB4,g=0 = 64e
−2φ R
4
α′3stu
exp
( ∞∑
p=1
2ζ(2p+ 1)
2p+ 1
(
α′
4
)2p+1 (
s2p+1 + t2p+1 + u2p+1
))
, (2.5)
where the tree-level on-shell effective action [28] found by integrating out massive string
modes is contained in the second term of the expansion, i.e. 2ζ(3)e−2φ
∫
d10x
√
gR4. The
R4 factor represents the well-known tensor [20], the square of the Bel-Robinson tensor [21],
which in linearized k-space form is found by contracting eight momenta with the external
four polarization vectors,
R4 = tµ1...µ88 t
ν1...ν8
8
4∏
i=1
εµiνik
i
µi+4
kiνi+4 , (2.6)
in momentum space, or in the linear approximation (contributing only to the four-point
function) of the contraction of four Weyl tensors with the tensors t8.
The conjecture in [18] for the non-perturbative form of the S-matrix is found by replacing
the Riemann-zeta functions in (2.5) with an Eisenstein series through,
ζ(2p+ 1)→ Ep+1/2(τ, τ¯ ) , (2.7)
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which takes into account the Einstein frame dependence of the string scattering. Although
this substitution leads to the correct R4 coupling, it predicts a contribution at genus one for
the ✷3R4 term that is twice its calculated value and is not normalization dependent. It also
does not address the required unitarity properties of the massless modes (i.e. supergravity).
Building modular invariant functions from covariantizing through the substitution in (2.7)
is not unique, and we shall modify this conjecture in this work.
The one-loop amplitude for four-graviton scattering is
AIIB4,g=1 = R
4
∫ 4∏
i=1
d2zi
∫
F1
d2τ
τ 22
∏
i 6=j
|E(zi, zj , τ)|−α′sije−
2pi
τ2
ki·kjIm(zi)Im(zj)) , (2.8)
with the genus one prime form,
E(z = zi − zj ; τ) =
Θ
[ 1
2
1
2
]
(z, τ)
Θ′
[ 1
2
1
2
]
(0, τ)
, (2.9)
and may be similarly expanded in the α′ → 0 limit [5]. (The denominator in (2.9) drops
out due to momentum conservation.) The low-energy expansion and analytic properties of
this amplitude is taken in [22, 23, 5], and the integral expansion may be directly reproduce
as an infinite summation of field theory ten-dimensional box diagrams with the appropriate
internal mass parameters as in figure 4. In [5] the expansion in α′ is carried out to order ✷2R4
in the derivative (or equivalently α′) expansion. We shall need to disentangle the massive
from the massless mode contributions in this expansion to compare with the predicted form
of graviton scattering in pure IIB supergravity. The massive modes generate terms in the
q expansion of the oscillators when the power is non-zero. It is not that the fundamental
integration region in (2.8) is demanded by a modular cancellation between the massive and
massless modes of the superstring; modular SL(2, Z) transformations of the punctured torus
map regions in the field theory limit of the loop integration to other regions in addition to
those of the massive contributions. The string, in the field theory limit, dictates a well-
defined regulator. In the open-string limit suitable for Yang-Mills theory, this complication
does not enter until the world-sheet corresponds to two-loops. Although straightforward at
one-loop, technicalities associated with modular parameterizations and world-sheet ghosts
at higher genus complicate a similar expansion at this order and will be analyzed in future
work.
We end this section with a clarification of the string-inspired regulator at one-loop. The
fundamental domain F1 is over a restricted domain in the complex plane with a non-trivial
region near the origin,
F1 =
{
τ = τ1 + iτ2 : τ
2
1 + τ
2
2 ≥ 1 , |τ1| ≤
1
2
}
. (2.10)
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In field theory the box diagram with masses on the internal lines labelled by j is given by
the integral representation,
I4(kj , mj) =
∫ ddl
(2π)d
∏
j
1
(l − pj)2
= (2π)−
d
2
∫ 4∏
i=1
dai δ(1−
4∑
j=1
aj)
∫ ∞
0
dτ˜2
τ˜
−2+d/2
2
e−τ˜2[f(ai;pi)+ajm
2
j
]
=R (2π)
− d
2Λ3−d/2
∫ 4∏
i=1
dai δ(1−
4∑
j=1
aj)
∫ ∞
1
dτ2
τ
−2+d/2
2
e−τ2[f(ai;pi)+ajm
2
j
]/Λ2 ,(2.11)
where in the last line we have implemented a Schwinger proper time regulator. The bound-
ary on the integration is specified through the use of a regulator. In a Schwinger proper
time regulator the region for τ˜2 is be limited to τ˜2 ≥ 1/Λ2. In dimensional reduction (or
regularization) we need to integrate over the entire region of τ2 ≥ 0 with the dimensionally
continued integral (in the measure). However, an alernative cutoff scheme for the supergrav-
ity amplitudes that is consistent with the underlying modular invariance of the string is to
use the region delimited in (2.10), which is at one-loop found by replacing the integration
regime in (2.11),
∫ ∞
1
dτ2
τ 22
→
∫
F1
d2τ
τ 22
. (2.12)
The region in the complex plane with τ2 ≥ 1 is the same, because the integration over
τ1 integrates to unity in (2.11). Its difference from the Schwinger proper time cutoff is in
a finite region in the corner of moduli space. The integration region in (2.12) should be
considered as an alternative regularization scheme, one that is compatible in supergravity
with the non-perturbative S-duality transformations of the superstring.
The parameterization of the domain of integration in the higher-genus moduli space [24]
(and references) serves as a string-inspired regulator for higher loop field theory, and gives
rise to the string-inspired regulated supergravity quantum field theory. The regulated higher
genus form is similar to (2.12) but with a more complicated corner region. The Schwinger
proper-time regularization generalizes through the additional moduli of the superstring as
at one-loop.
2.1 Ten Dimensions
The previously conjectured form [18] for the manifestly S-duality invariant function corre-
sponding to the four-graviton scattering amplitude used the Eisenstein functions Es(τ, τ¯) to
relate the tree-level contributions to the higher genus ones by covariantizing the phase in
(2.5). However, it clearly is only an approximation for the reason that it predicts the incor-
rect coefficient of the ✷3R4 term at genus one, and does not take into account the thresholds
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associated with the massless string modes (i.e. d = 10 IIB supergravity). In this section, we
give a different version that incorporates both of these features.
The simplest modification is to enlarge the set of Eisenstein functions to their general-
ized non-holomorphic and non-modular invariant counterparts. The constraints for writing
down suitable modular forms and combinations follow from : 1) the perturbative series is
a power series in even powers of the string coupling τ2, 2) invariance under modular trans-
formations in Einstein frame, 3) compatibility with the unitarity structure of the massless
string modes, 4) the power series predicts the appropriate maximum power of τ2 consistent
with the derivative term ✷kR4 term in Einstein frame at tree-level. We shall also consider
only the Eisenstein series with half-integer or integer characteristics (the value of which is
related to the half-integral R-charge shown in [6] and [25]) and in ten dimensions those that
converge (lower dimensional compactifications of supergravity have infra-red divergences in
d ≤ 6, and possibly the convergence properties are related to the infra-red divergences). The
first condition is tight enough to rule out most commonly known modular forms, and we
shall consider the set of generalized Eisenstein functions for SL(2, Z), E(q,−q)s (τ, τ¯ ),
E(q,−q)s (τ, τ¯) =
∑
(p,q)6=(0,0)
τ s2
(p+ qτ)s+q(p+ qτ¯ )s−q
. (2.13)
Their properties are discussed in section 4, together with the exceptional modular invariant
function
f = ln τ2|η(τ, τ¯)|4 (2.14)
which is related to the non-convergent E1(τ, τ¯ ) series after subtracting the singularity, de-
noted by Eˆ1(τ, τ¯),
Eˆ1(τ, τ¯) = −π ln(τ2|η(τ)|4) . (2.15)
The SL(2, Z) Laplacian acting on f(τ, τ¯) is one,
τ 22 ∂τ∂τ¯ ln τ2|η(τ, τ¯)|4 = 1 , (2.16)
which in the string setting represents contributions from only one perturbative order (the
form is required for genus one and for the ✷ ln✷ R4 tensor). Our ansatz consists of polyno-
mials in this combined set. The cusp forms are modular invariant functions that vanish at
τ2 →∞ and admit the expansion,
fcusp(τ, τ¯) =
∑
n 6=0
anτ
1
2
2 Kn−1/2(2π|n|τ2)e2πinτ1 , (2.17)
expressed in terms of exponentials of τ2. They do not contribute to the perturbative ex-
pansion of either the superstring or supergravity, and we shall not consider them or the
modifications of the polynomial terms by them in any detail. The first instanton correction
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to the R4 term in [1] provides evidence that they do not contribute to this order, and a
similar calculation at higher α′ is necessary to predict whether or not they contribute to
the higher derivative terms. Explicit forms for the cusp forms on the fundamental domain
U(1)\SL(2, R)/SL(2, Z) are not known [30]. Similarly, the ones relevant for the moduli
spaces of the toroidally compactified theories are not known (these spaces contain the for-
mer as a subspace).
We first discuss the polynomial terms arising in the low-energy expansion, followed by the
non-analytic (logarithmic) ones. The transformation from string frame to Einstein frame,
η(s)µν = τ
1
2
2 η
(E)
µν , induces a coupling constant into the derivative expansion that is important for
the τ2 counting. For example, the ✷
kR4 terms in the string frame at tree-level are described
in Einstein frame,
AIIB,k4,g=0 = N
k
g=0ζ(
3
2
+
k
2
)τ
3/2+k/2
2 ✷
k
(E)R
4
E , (2.18)
for k 6= 1, and where the e−2φ string coupling inherit in (2.5) and the transformation of the
tensors are taken into account. This power of τ2 is the maximum one possible in the per-
turbative series and successive higher genus contributions lower it by two units successively.
The general form of the contribution at arbitrary k to all genus,
AIIB,k4 = fk(τ, τ¯) ✷
k
(E)R
4
(E) , (2.19)
demands the structure of fk(τ, τ¯) to have the form,
fk(τ, τ¯) = ζ(
3 + k
2
)τ
3
2
+ k
2
2 + a1τ
− 1
2
+ k
2
2 + a2τ
− 3
2
+ k
2
2 + . . . +O(e2πiτ ) . (2.20)
The coefficients ag are constants that may be found by doing explicit low-energy string
perturbation theory calculations up to genus g. We will see that given the set of modular
forms discussed above the series ak receives non-vanishing values up to a maximum genus
for a given k.
The fact that only one tensor, namely the eight-derivative R4 covariantized from the
linear form in (2.6), appears in the description of the four-point function is consistent both
with perturbative IIB superstring theory up to genus four [26] as well as with constraints in
supergravity from unitarity constructions. This property is due to N = 8 supersymmetry
at one [20] and two-loops and also to higher orders [15]: The uniqueness of this tensor
structure is the primary influence of N = 8 supersymmetry in constraining the S-matrix
as the loop integrations are not constrained directly by supersymmetry without additional
regulator specification (such as choosing one compatible with the global duality symmetries
of the classical field equations of maximal supergravity). Lower derivative tensor structures
appear in theories with lower supersymmetric gravitational theories [27].
For k = 0, the only function in the set considered that could describe the expansion is
E
(0,0)
3/2 (modulo cusp forms); the R
4 term then receives perturbative contributions at tree-level
and one-loop. Explicit calculations in supergravity indicate that, at two-loops and higher, an
8
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Figure 2: Sample supergravity field theory contributions to the one- and two-loop graviton
scattering before symmetrization. To these orders the derivatives are explicitly extracted
from the tensor integrations.
additional ✷2 may explicitly be pulled out from within the loop integrations (in figure 2 we
list the integral contributions, where the tensor R4 is not displayed). Thus, this truncation
is consistent with known results (at tree and one-loop the massive modes in the q expansion
explicitly are of order α′, hence ✷ by dimensional analysis, higher than the massless modes).
The value k = 1 is special because momentum conservation of the four external gravitons,
through s + t + u = 0, forces the on-shell ten-derivative polynomial term to vanish. At
k = 2, again there is only one function one may write down, namely E5/2(τ, τ¯), and predicts
a genus zero and genus two contribution but none from genus one; explicit string one-loop
calculations shows the vanishing of the genus one coefficient.
At values of k ≥ 3 a break with the previous pattern emerges because the non-modular
invariant E(q,−q)s (τ, τ¯ ) for q 6= 0 may contribute. At k = 3 we may introduce the form
f3(τ, τ¯) = α1 E
2
3/2(τ, τ¯) + α2 E
(1,−1)
3/2 (τ, τ¯)E
(−1,1)
3/2 (τ, τ¯) , (2.21)
(where E
(−1,1)
3/2 = E
⋆(1,−1)
3/2 ). It has the large τ2 perturbative expansion,
f3(τ, τ¯) = 4(α1 + α2)
[
ζ(3)2τ 32 +
(
α1 − α2/3
α1 + α2
)
4ζ(2)ζ(3)τ2 +
(
α1 − α2/9
α1 + α2
)
4ζ2(2)τ−12
]
.(2.22)
The relative coefficient between α1 and α2 is chosen to agree with the genus one contribution
for ✷3R4. Note that (2.22) differs from previous forms because of the introduction of the
modular invariant contribution of the generalized Eisenstein functions. A relative value of
α1 =
5
3
α2 leads to agreement with the calculated genus zero and one coefficients in string
theory; this combination predicts a non-vanishing coefficient at genus two and no further
contributions.
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Table 1: The marks indicate which modular forms could contribute at genus g to the ✷4R4
term in the four graviton scattering amplitude.
g = 0 g = 1 g = 2 g = 3
α1
√ √
α2
√ √
Table 2: Example contributions to ✷kR4 arising in string perturbation theory at genus g
from the structure of the generalized Eisenstein series.
g = 0 g = 1 g = 2 g = 3 g = 4 . . .
R4
√ √
✷R4
✷
2R4
√ √
✷
3R4
√ √ √
✷
4R4
√ √ √ √
✷
5R4
√ √ √ √
· · ·
Combinations of these modular forms is straightforward to construct at higher derivatives,
although it is not uniquely determined through direct covariantization via the substitution in
(2.7). Futhermore, in contrast to the k ≤ 3 cases, such combinations allow for perturbative
contributions arising from modular forms that contribute at orders of genus solely above
tree-level. The non-analytic terms in the low-energy expansion require such combinations.
As another example, consider k = 4 and k = 5. In this case we may use,
f4(τ, τ¯) = α1 E7/2(τ, τ¯) + α2 E3/2(τ, τ¯) , (2.23)
and,
f5(τ, τ¯ ) = β1 E2(τ, τ¯)E2(τ, τ¯) + β2 E2(τ, τ¯) + β3 E3/2(τ, τ¯ )E5/2(τ, τ¯)
+β4 E
(1,−1)
2 (τ, τ¯)E
(−1,1)
2 (τ, τ¯) + β5E
(1,−1)
3/2 (τ, τ¯)E
(−1,1)
5/2 (τ, τ¯) + c.c. . (2.24)
There is one condition on coefficients β1, β2, β4 in the asymptotic expansion from the pertur-
bative expansion, that the τ−12 term is zero. The number of different combinations increases
with larger k values. Similar functions may be constructed to all orders, and the functional
form at higher derivatives is one of the central results in this work. In (2.23) the different
combinations generate perturbative corrections at the following genus orders tabulated in
Table 1.
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The perturbative series of the polynomial terms for the ✷kR4 tensor in string theory,
using the generalized Eisenstein functions in (2.13) for s = n/2 and n integer in a polynomial
fashion, receives corrections up to maximum gmax =
1
2
(k + 2) genus in string theory for k
even and gmax =
1
2
(k + 1) genus for k odd, listed in Table 2. Higher genus calculations in
IIB superstring theory is necessary to verify the form as well as to make agreement with
the coefficients; an indirect resummation of the leading terms in τ2 of the derivatives must
also agree with the thresholds of the massive modes of the superstring and might fix the
coefficients.
In the remainder of this section we examine other functions built out of Eisenstein series.
Generic combinations of the generalized Eisenstein series either do not give rise to the appro-
priate powers of τ2 in accord with the string perturbative series or have values of s ≤ 1 and
not converge. Ratios of Eisenstein series in the large τ2 perturbative regime, for example,
E3(τ, τ¯ )
E 3
2
(τ, τ¯)
=
a3τ
3
2 + b3τ
−2
2 + n1e
−2πτ2 + . . .
a3/2τ
3
2
2 + b3/2τ
− 1
2
2 +m1e
−2πτ2 + . . .
, (2.25)
either do not generically reflect the appropriate τ2 dependence of string perturbation theory,
or else,
E33/2(τ, τ¯)
E5/2(τ, τ¯)
=
(a3/2τ
3
2
2 + b3/2τ
− 1
2
2 + e
2πiτ + . . .)3
a5/2τ
5
2
2 + b5/2τ
− 3
2
2 + ce
2πiτ + . . .
(2.26)
generate at large τ2 perturbative τ2 dependence in accord with string perturbation theory
and could potentially be used to describe the ✷5R4 term. However, the dependence of τ2 on
the exponential terms generically does not match with expectations of the D-instanton series
(which begin with a single order one factor for the first correction after expanding (2.26)).
The function in (2.26) has dependence on half-integral powers of τ2, and its exponentials
are suppressed by a power of τ
5/2
2 . Rigorously, we can not rule out the ratio combinations
similar to that in (2.26) at all orders without further constraints.
Non-half integral or integral values of s also generically lead to dependence on τ2 which
is not captured by perturbation theory. For example, the product
E25/4(τ, τ¯) = (aτ
5
4
2 + bτ
− 1
4
2 +O(e2πiτ ))2
= a2τ
5
2
2 + 2abτ2 + b
2τ
− 1
2
2 +O(e2πiτ ) , (2.27)
has a τ2 factor which is not suppressed by a factor of τ
2
2 relative to the first term and
cannot arise in string perturbation theory. Generic products of Eisenstein series with non-
half integral values of s also have τ2 dependence that does not agree with the perturbative
series.
Any of the functions built out of the products of generalized Eisenstein series may also
be used to generate further automorphic functions by acting on them with the covariantized
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Laplacian ∇ = τ 22 ∂τ∂τ¯ , e.g. ∇E23/2(τ, τ¯). The polynomial action of ∇ generates the same
perturbative truncation in the modular ansatz up to a maximum genus for a given α′ order,
although the instanton corrections may be modified together with cusp forms. Their effect on
the perturbative series is to adjust coefficients in the perturbative series up to the maximum
genus. The action up to ✷3 order in the derivative expansion does not introduce additional
automorphic functions because the single Eisenstein functions are eigenfunctions of ∇, and
their use at higher derivatives appears redundant perturbatively.
In lower dimensional toroidally compactified theories, the limiting Eisenstein functions
relevant for describing the ✷kR4 terms have less well behaved convergence and are possibly
related to the infra-red divergences in d ≤ 6 supergravity. The general structure of the
perturbative series arising through the modular form construction required by S-duality
invariance is listed in table 2.
The pre-factors E3/2(τ, τ¯) and E5/2(τ, τ¯) of the low-energy polynomial expansion up to
✷
2R4 satisfy Laplacian eigenvalue conditions. We are not imposing a property
4τ 22
∂
∂τ
∂
∂τ¯
f
(i)
k (τ, τ¯) = λ
(i)
k f
(i)
k (τ, τ¯ ) , (2.28)
on terms f
(i)
k of fk(τ, τ¯) or a similar one on the potentially covariantized phase in (2.5), which
together with the asymptotic behavior in (2.20), limits only single Eisenstein series and their
generalizations to being a solution (together with cusp forms) to (2.28) [30]. The SL(2, Z)
covariantization of the leading asymptotic term in fk does satisfy a Laplacian condition, i.e.
∇(τ
3
2
+ k
2
2 ) = 4(
3+k
2
)(1+k
2
)(τ
3
2
+ k
2
2 ), but may be covariantized with SL(2, Z) in different ways.
For example, the simplest gives E 3
2
+ k
2
(τ, τ¯) but also E23
4
+ k
4
(τ, τ¯ ) or |E(1,−1)3
4
+ k
4
(τ, τ¯ )|2. A naive
covariantization of the leading terms is not unique and for this reason the graviton scattering
then is not going to exponentiate directly into the form of a tree-like amplitude.
2.2 Non-analytic terms
The unitarity structure of the perturbative superstring amplitudes also requires a description
in terms of modular forms in order to construct manifestly S-dual scattering. Clearly such
a construction is different than the above because at tree-level there are no non-analytic
contributions and the perturbative expansion involving logarithmic functions, for example
lnL(✷) and ln ln . . . ln✷ (up to L iteratively), begins at genus one.
The form of the action containing higher orders in derivatives depends on the choice of the
definition of the effective action but is uniquely defined by an S-matrix compuation in string
theory. As required by unitarity, the S-matrix and the effective action will both contain
logarithmic terms. At one-loop, for example, explicit expressions found from expanding the
integrated four-point S-matrix element has a contribution of the form
Cg=1log =
(
s ln s+ t ln t+ u lnu
)
R4. (2.29)
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Higher logarithms appear at multi-loop and similar structure is required in higher-point
gravitational amplitudes. Under the transformation to Einstein frame from string frame the
kinematic invariants pick up factors ss → se√τ2. (The metric is rescaled by a square-root
factor of the coupling constant in ten dimensions.) The logs potentially produce further
non-analyticity in the string coupling constant,
s ln s→ √τ2se ln(√τ2se). (2.30)
In Einstein frame, the coupling e−φ = τ2 does not just count loops via the the topogical
coupling,
Sdil =
∫
d2z
√
gR〈φ〉 = 2(1− g)φ , (2.31)
but rather includes a dilatonic factor within the free superstring action. S-duality does not
simply exchange weak coupling with strong coupling in the Einstein frame for individual
modes of the string: In a field theory setting the the coupling constant is inverted, but also
the contributions of the massive modes of the superstring get mixed differently than the
massless ones within the integration because of the scale factor introduced in transforming
to Einstein frame. The τ2 dependence in the massive modes is not removed in the space-time
propagator
√
τ2se −m2i .
In (2.29) because of momentum conservation, the τ2 dependence in the logarithm cancels
out (s+ t+u = 0). The unitarity construction below is independent of τ2 dependence in the
non-analytic (i.e. logarithmic) terms at higher loops, which iteratively constructs SL(2, Z)
invariant non-analytic terms.
The on-shell polynomial terms in previous sections are sufficient to determine, through
supersymmetrizing the on-shell ✷kR4 tensor, these non-analytic terms through a unitarity
construction. The imaginary part in a particular channel, for example s = −(k1 + k2)2, of
the four-graviton scattering amplitude is determined through the unitarity relation
Ims A4(ki) =
∞∑
n=2
∑
λj
∫
dφn An,λj
[
g(k1), g(k2); p(k˜1), p(k˜2), . . . , p(k˜n)
]
×A⋆n,λj
[
g(k3), g(k4); p(k˜1), p(k˜4), . . . , p(k˜n)
]
, (2.32)
with the n-body phase space integration measure given by,
dφn =
n∏
j=1
ddk˜j
(2π)d
δ(
n∑
i=1
k˜i +
4∑
j=1
kj)
n∏
j=1
δ(d)(k˜2j )Θ(k˜
0
j ) , (2.33)
and where λj denotes the quantum numbers of the physical states “p” of the intermediate
lines (gravitons and their supersymmetric partners in the gravitational multiplet). The phase
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space integration is over the region
k˜2j = 0
4∑
i=1
ki +
n∑
j=1
k˜j = 0 , (2.34)
of out-going momenta. The equation in (2.32) gives an iterative construction of the non-
analytic terms in the four-graviton scattering amplitude. At energies s ≤ 4/α′ only the mass-
less modes of the superstring contribute to the imaginary part in the s-channel. Furthermore,
the on-shell supersymmetrization of the ✷kR4 terms (together with a similar construction of
higher-point graviton scattering amplitudes) provides the necessary amplitudes An that are
to be inserted into (2.32); a on-shell linearized IIB superspace is known [31] in the absence of
an off-shell one which might aid in the explicit supersymmetrization to higher order. Given
an S-duality compliant form of the higher derivative polynomial terms, the non-analytic ones
are necessarily also invariant under SL(2, Z) transformations through (2.32). Higher-point
graviton scattering amplitudes may also be S-duality covariantized which is an ingredient in
(2.32).
We may expand the amplitudes in (2.32) to a total order m which receives contributions
from the respective expansions of the two amplitudes to all orders k and l so that k+ l = m.
The order α′m non-analytic term is then determined from the polynomial ones together with
the lower-order non-analytic ones. In this iterative manner, the non-analytic terms in the
low-energy expansion of the gravitational S-matrix is SL(2, Z) invariant if the polynomial
terms are.
3 Effective action and S-matrix in derivative expansion
We shall re-examine the eight-derivative R4 term in this section to review its form in view of
the S-matrix; the off-shell effective action for the IIB superstring is difficult to define because
off-shell string scattering and the action for the five-form self-dual field strength off-shell are
not available directly although several different on-shell effective action constructions may
be given. In this section we examine primarily the four-point function, the form of which
does not alter significantly at one-loop; however, at higher-point because of contributing
independent high-point diagrams from boxes to n-gons (n ≤ d) there will be significant
differences at genus one and higher.
The on-shell effective action presented in the literature up to eight derivatives [28, 1] is
virtually indistinguishable from the S-matrix due to supersymmetry. There are two differ-
ences between different functional form of an on-shell effective action to this derivative order.
First, the term arising from massless string exchange at tree-level, i.e. in α′ → 0 limit the
graph in figure 3 with intermediate boson lines, is not included. Second, there is regulator
dependence in the quantum one-loop contribution in the field theory setting (entirely from
the massless modes in a q-expansion) that breaks the S-duality invariance if a string-inspired
regulator is not used in comparing the supergravity with the string.
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m=0/
Figure 3: The diagrams with intermediate massive string modes contributing to the tree-
level graviton exchange.
Furthermore, the linearized N = 8 (non-linear) supersymmetry will cancel any triangle
or bubble sub-graph in a multi-loop graviton scattering amplitude. The string diagrams
then, in the field theory limit, that have been included in the definition of the IIB effective
action are identical to the ones that contribute to the four-point scattering amplitude in IIB
superstring theory. Although at the four-point level the only difference between the S-matrix
and the effective action in [1] is contained in (3.35), at higher-point there are contributions of
external massless trees to non-vanishing loop diagrams and then more differences associated
with the external massless trees from a definition adopted in [29]. Agreement with results
in [6] is obtained in an S-matrix calculation in superstring theory.
In this remainder we examine the differences of the different definitions together with S-
duality at the eight derivative order. In Einstein frame, the massless tree-exchange, identical
to that in figure 3 but with intermediate bosonic modes together with the four-point vertex,
gives rise to a covariantized contribution,
A =
1
κ210
∫
d10x
√
g
1
✷3
R4 , (3.35)
where the ✷3 represents the appropriate combination of derivatives to produce a 1/stu in
momentum space, and is independently invariant under the S-duality transformation. In not
keeping it, the effective action is thought of as giving rise to 1PI quantum corrected vertices
which must be sewn together to generate an S-matrix, i.e. illustrated as shaded circles in
figure 3, and requires an off-shell generalization to construct the S-matrix. Furthermore, at
one-loop there is an additional SL(2, Z) of modular invariance and in not keeping the term
in (3.35) arising from the massless sector breaks this in the string scattering perturbation
theory. To this order the terms that break modular invariance do not break with S-duality,
however, at higher-order this is possible.
We examine a more precise definition for the S-duality invariant graviton scattering
expression in the following - different definitions of the low-energy quantum effective action
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will produce further differences at the four-point level at order eight derivatives than just
that in (3.35) and potentially break the S-duality. The S-duality invariant expressions that
have been obtained so far demand that the external kinematics are below the string scale,
e.g. sij ≤ 4/α′ despite the fact that the massless and massive modes are being integrated
out at the quantum level. Not keeping the term in (3.35) gives a definition similar to a
combination of a one-particle irreducible for the massless quantum fields together with one-
particle reducible for the massive modes. In examining the implications of S- and U-duality
on the supergravity theory the regulator must be chosen in a way that is compatible with
these symmetries of the classical field equations.
Supersymmetry together with M-theory constraints suggest that the coefficient of the
R4 term is a function f satisfying a Laplacian condition on the fundamental domain of
U(1)\SL(2, R)/SL(2, Z): τ 22 ∂τ∂τ¯f = 3/4f . Boundary conditions coming from the perturba-
tive one-loop calculation need to be specified in order to find the solution. In supergravity
the domain of vacua is the entire complex τ -plane of couplings as S-duality is not a structure
only in the massless sector of the string only.
The general form of the tree- and one-loop contributions to the R4 term are of the type,
fpert(τ, τ¯ ) = aτ
3/2
2 + bτ
−1/2
2 , (3.36)
and arise from massive mode exchange at tree-level and massless ones at one-loop (with
coefficients a and b respectively). The SL(2, Z) invariant completion of the former term
gives a form,
f(τ, τ¯) = aτ
−1/2
2 + b
∑
p,q
τ
3/2
2
|p+ qτ |3 (3.37)
and agrees with perturbative IIB superstring theory when,
f = 2ζ(3)τ
3/2
2 + 4ζ(2)τ
−1/2
2 +O(e2πiτ ) , (3.38)
where the exponentially suppressed terms correspond to k-multiple D-instanton corrections
in the superstring theory (for example, calculated for k = 1 in [1]). The effective actions
found by distinguishing the massless modes of the superstring with different treatments
changes the first coefficient a in (3.37) to different values. It measures the regulator influence
in the supergravity, that is, the cutoff Λ dependence or the use of dimensional regularization.
Only for one value is the result in (3.37) SL(2, Z) invariant, a = 0, and that is the one that
comes directly from either an S-matrix element calculation in IIB string theory or through
supergravity with a regulator modelling the one that arises in the low-energy limit of the
quantum superstring.
In supergravity at one-loop the massless modes contribute,
I(s, t, u) =
∫
ddl
(2π)d
1
l2(l − k1)2(l − k1 − k2)2(l + k4)2 + u↔ t + s↔ u , (3.39)
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to the R4 tensor and must be regulated because it is quadratically divergent in ten dimen-
sions. In dimensional reduction (d = 10− ǫ) the result is,
I(s, t, u) = Cǫ
[1
ǫ
(s+ t) +
1
ǫ
(u+ s) +
1
ǫ
(t + u)
]
+ (non− analytic) , (3.40)
and gives no contribution to R4; dimensional reduction breaks S-duality. However, in a
string-inspired regulator (2.12) the result from (3.39) is
A
[N=8]
4 (ki, ǫi) ∼ R4
[
Λ2 + (s2 + t2 + u2) lnΛ2 + (finite)
]
. (3.41)
The quadratic divergence in a string-inspired regulator is roughly proportional to the inherit
string scale Λ2 ∼ 1/α′. The precise coefficient of the one-loop contribution to the R4 term
in d-dimensions depends on the regulator chosen and agrees with the string result for the R4
term when the domain in (2.12) is taken. Scaling the coupling constants to force agreement
between a general integration in (3.41) changes the instanton corrections predicted from the
factor E3/2 of the R
4 term. The calculation may be straightforwardly generalized to arbitrary
dimensions and to its ultra-violet finite loop integration when d < 8.
The string-inspired regulator from the field theory point of view makes the calculated
result from (3.41) agree with S-duality. Changing the regulator with the use of dimensional
reduction gives a different value, c = 0 in (3.38) from (3.40). The above regulators preserve
(non-linear) supersymmetry to this order, but only one gives rise to an explicit SL(2, Z)
invariant expression, namely the string-inspired regulator built into the supergravity theory.
S-duality is not expected to be a property of the low-energy IIB supergravity theory, as
may be explicitly found to the order eight derivative R4 term by dropping the massive mode
contributions which contribute the τ
3/2
2 term in (3.37). However, as a structure in the IIB
superstring, it survives as a remnant in the IIB supergravity theory directly if a regulator
is chosen so that the integration region in a first quantized form is chosen to mimic that of
the superstring. At one-loop this corresponds to using a Schwinger proper time form of the
four-point function in (2.12).
There is a one parameter family of functions fpert(τ, τ¯ ) consistent with supersymmetry
that leads to the form in (3.37), and the definition that arises from the low-energy limit
of the string amplitude or in supegravity with the regulator chosen in (2.12) agrees with
the S-duality invariant form when a = 0 in (3.37). At two-loops the supegravity modular
parameterization and regulator has been elucidated in [5]. Explicit calculations of one-loop
four-graviton scattering in IIB supergravity indicate that all the different definitions of the
effective action are encoded in one term to order eight derivatives.
In deducing results regarding the perturbative series of maximal supergravity directly
from the superstring a multi-loop regulator must be chosen to agree with the modular prop-
erties of the IIB superstring S-matrix.
17
12 3
4
Figure 4: The circles denote quantum corrected effective vertices derived from an effective
action. Modular invariance is regained after sewing to obtain trees.
4 Modular Forms: SL(2, Z) and Eisenstein Functions
In this section we describe the generalized Eisenstein series on the fundamental domain of
U(1)\SL(2, R)/SL(2, Z) and their relevant properties. These functions are non-holomorphic
modular forms defined by
E(q,−q)s (τ, τ¯) =
∑
(m,n)6=(0,0)
τ s2
(m+ nτ)s+q(m+ nτ¯ )s−q
, (4.42)
where the sum over the integral pairs (m,n) does not include m = n = 0. For q = 0
we recover the non-holomorphic Eisenstein series. The series converges for s > 1 on the
fundamental domain (|τ1| ≤ 1/2 and |τ | ≥ 1) and transforms under the fractional linear
transformation
τ → τ ′ = aτ + b
cτ + d
, (4.43)
as
E(q,−q)s (τ
′, τ¯ ′) =
[cτ + d
cτ¯ + d
]q
E(q,−q)s (τ, τ¯) . (4.44)
Although the Eisenstein series are modular invariant, the generalized series for q 6= 0 trans-
forms with a weight (q,−q). The latter may be used to find additional modular invariant
functions by pairing them together as in E(q,−q)s (τ, τ¯)E
(−q,q)
s (τ, τ¯) together with additional
n-tuple products where the weights add up as
∑n
i=1 qi = 0.
The generalized Eisenstein series E(q,−q)s (τ, τ¯ ) are related differentially to Es(τ, τ¯ ) by
E(q+1,−q−1)s (τ, τ¯) =
(
iτ2
∂
∂τ
+
q
2
)
E(q,−q)s , (4.45)
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and
E(q−1,q+1)s (τ, τ¯) =
(
−iτ2 ∂
∂τ¯
− iq
2
)
E(q,−q)s . (4.46)
The asymptotic expansion for q 6= 0 may be obtained from q = 0 via the relation in (4.45).
Further, the functions satisfy the SL(2, Z) covariantized differential relation,
4
(
τ2
∂
∂τ
+ i
1− q
2
)(
τ2
∂
∂τ¯
− iq
2
)
E(q,−q)s (τ, τ¯) = λ
(q,−q)
s E
(q,−q)
s (τ, τ¯) , (4.47)
with an iteratively constructed eigenvalue from (4.45).
The complete asymptotic form for large τ2 is found via manipulating the series through
a Poisson resummation. The general form is
E(0,0)s (τ, τ¯) = asτ
s
2 + bsτ
1−s
2 (4.48)
+
2
√
τ2π
s
Γ(s)
∑
(m,n)6=(0,0)
|m
n
|s−1/2Ks− 1
2
(2πτ2|mn|)e2πimnτ1 , (4.49)
where Ks(x) is the standard modified Bessel function with expansion for large x,
Kr(x) = (
π
2x
)
1
2 e−x
[ ∞∑
n=0
1
(2x)n
Γ(r + n+ 1
2
)
Γ(r − n + 1
2
)Γ(n+ 1)
]
(4.50)
and where the coefficients in (4.49) are,
as = 2ζ(2s) bs = 2
√
πζ(2s− 1)Γ(s−
1
2
)
Γ(s)
. (4.51)
The asymptotic form for all s > 1 contains two terms which are powers of τ2 together with an
infinite series of exponentially suppressed terms. The former will relate to the perturbative
expansion of the superstring S-matrix and the latter to a series of conjectured D-instanton
corrections in the uncompactified theory. The generalized Eisenstein functions also have the
same structure; however, the coefficients are different. For example,
a(1,−1)s = 2sζ(2s) b
(1,−1)
s = 2
√
π(1− s)ζ(2s− 1)Γ(s−
1
2
)
Γ(s)
. (4.52)
All of these modular forms for general q-values give rise to two power suppressed terms in
the large τ2 limit together with exponentially suppressed corrections.
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Table 3: The U-duality structure in toroidally compactified IIB superstring theory. The Z2
in d = 9 reflects the element that takes the IIB string into the IIA.
Non-perturbative U-Duality Group
d = 10 SL(2, Z)
d = 9 SL(2, Z)(×Z2)
d = 8 SL(2, Z)× SL(3, Z) = E3(3)(Z)
d = 7 SL(5, Z) = E4(4)(Z)
d = 6 SO(5, 5, Z) = E5(5)(Z)
d = 5 E6(6)(Z)
d = 4 E7(7)(Z)
5 U-dualities and Constraints
In order to examine the same construction of the S-matrix in dimensions other then ten and
compare with maximally extended supergravity theories, we shall compactify IIB superstring
theory on Md × T 10−d. In this section, we examine the modular form construction and find
the similar truncation property to d = 10 in perturbation theory.
The S-duality inherited in ten dimensions is modified to the discrete U-duality group
acting on all of the moduli of the toroidally compactified theory [14], and the low-energy
theory is described by the dimensional reduction of the d = 10 IIB supergravity. The non-
perturbative vacuum is parameterized by the full complement of scalar fields in the lower
dimensional maximally extended supergravity. In this section, we generalize the previous
construction for the S-matrix of ten-dimensional string theory to the compactified cases with
the use of additional automorphic functions.
The vacuum state of compactified supergravity is parameterized by the values of scalars
living in the symmetric space G(R)/H(R) where H is the maximal compact subgroup of G;
we shall take the group G(R) = Ep+1(p+1)(R) which contains as a subgroup SO(p, p, R) (with
the latter having maximal compact subgroup SO(p, R)×SO(p, R). Duality transformations
generate an equivalence class of theories identified by an action of the infinite discrete group
G(Z). In compactifications Md × T 10−d there is a T-duality group SO(d, d, Z) and a non-
perturbative action of SL(2, Z) (the coupling constant of the dilaton and axion scalar of
the uncompactified IIB superstring) inherited from the uncompactified ten-dimensional IIB
superstring. The full symmetry of the equations of motion and the quantum U-duality
group is known to be larger and is listed in table 5 [32]. (We will not consider the O(d, d, Z)
enlargement of the T-duality group as the elements with negative determinant exchange
the IIB string with the type IIA one.) The larger U-duality group E11−d(11−d)(Z) (d ≤ 9)
contains the subgroup SO(10 − d, 10 − d, Z) × SL(2, Z) for different d. It treats all of the
scalars in the supergravity on the same footing, although the dilaton plays a special role in
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the compactified string in measuring the loop expansion. The general form of the symmetry
and the constraints on the functional form of automorphic terms in the low-energy expansion
of the S-matrix appear to fix the functional form of scattering in M-theory, defined in this
case by T-dualizing the result of graviton scattering in IIB on SR and decompactifying the
two-torus with complex structure τ .
The simplest theory from the above is uncompactified type IIB superstring theory which is
parameterized by U(1)\SL(2, R). Duality transformations take the theories and maps them
to equivalent theories under SL(2, Z); the fundamental domain of U(1)\SL(2, R)/SL(2, Z)
parameterizes inequivalent vacua of the ten-dimensional IIB superstring. In the compactified
theories the inequivalent theories are described by vacuum expectation values of the set of
moduli parameterizing the fundamental domain of H(R)\E11−d(11−d)(R)/ E11−d(11−d)(Z). In
analogy with the ten-dimensional case we consider as building blocks of the S-matrix the
E11−d(11−d)(Z) invariant functions which satisfy the differential equations
∇H(R)\E11−d(11−d)(R)fs(φj) = λ11−d,sfs(φj) , (5.53)
and their generalizations, in analogy with the Eisenstein series for the ten-dimensional un-
compactified superstring theory. This form immediately decompactifies to higher dimen-
sional U-duality invariant Eisenstein series differentially because the metric reduces on the
U-duality subgroup. These functions relevant for the lowest derivative term, i.e. R4, have
been discussed for d ≥ 7 in [34] and for general integer dimensions in [35]. In the latter work
the unified set of perturbative and non-perturbative contributions contributions to the R4
term was argued to be described by
Ad =
1
κ2d
∫
ddx
√
g fd(φj)R
4 , (5.54)
where,
fd(φj) = E
E11−d(11−d)(Z)
string;s=3/2 (φj) , (5.55)
where κ2d is the gravitational coupling constant in 10 − d dimensions and the Eisenstein
function takes into account the summation over the “string multiplets”; the string multiplet is
a unified representation of the full duality group E11−d(11−d)(Z) of the particle and membrane
representations with given charges under the T-duality group and we refer the reader to [35]
for the construction of the general invariants (5.55). This function gives rise to perturbative
contributions at tree-level and one-loop only which is in accord with the explicit results
of maximal supergravity in d dimensions in [15]. It also limits consistently to reproduce
decompactified dimensions as well as giving agreement with the known tree- and one-loop
level contributions. The perturbative truncation property of the function in (5.55) permits
contributions at only tree and one-loop level and is consistent with the tensor properties of
maximally extended supergravity in different integer dimensions [15].
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The general constrained Eisenstein functions for a symmetric space G(R)/H(R) are de-
scribed in detail in [35], and are defined for a given representation R of G by,
E
G(Z)
R,s (φj) =
∑
m∈ΛR 6=0
δ(m ∧m)
[M2(m)]s
. (5.56)
The form in (5.56) is analogous to constructing modular invariant functions on the funda-
mental domain of SL(2, Z) in the manner of
g(τ) =
∑
γ∈G
f(γ · τ) , (5.57)
but with additional scalars involved in the mass formula in the denominator of (5.56).
In (5.56), φj denotes elements in G(R)/H(R) and m is a vector in the integer lattice
ΛR transforming in the representation R. The m ∧ m = 0 condition projects onto sets of
integersm so that the symmetric tensor product R×sR gives its highest irreducible multiplet
which defines m to be the most symmetric piece of the direct product. Physically, the set of
integers in the lattice ΛR labels the set of BPS states in the representation R of the duality
group (for example, one may consider the unified string representation of E11−d(11−d)(Z) or
its further decompositions.) The condition m ∧ m = 0 is the half BPS condition, and the
mass formula contributing to the sum in the Eisenstein series for sets of states contributing
to (5.56) is
M2BPS(m) = m ·M ·m . (5.58)
One could relax the condition m ∧ m = 0 to include quarter and eigth BPS states by
considering a more general definition of the the constrained Eisenstein function in (5.56).
The functions E
G(Z)
R (φj) are by construction invariant under the duality group when G(Z) =
E11−d(11−d)(Z) and take values in the fundamental domainH(R)\E11−d(11−d)(R)/E11−d(11−d)(Z).
The various discrete U-duality groups are listed in table 4.
In analogy with the generalized Eisenstein functions on the U(1)\SL(2, R)/SL(2, Z)
fundamental domain, a generalized series E
(q,−q),E11−d(11−d)(Z)
R,s (τ, τ¯) in the limit of zero moduli
may be given. The asymptotic form in (5.70) may be given a weight by covariantizing as in
(4.45). The coupling τ2V
4
10−d
10−d is inert under SL(2, Z) transformations.
The simplest forms in the d-dimensional set are the Eisenstein functions relevant to un-
compactified IIB superstring theory. The construction given in previous sections generalizes
similarly, although the precise functional form is more complicated, to the toroidally com-
pactified cases; however, the E11−d(11−d)(Z) Eiseinstein functions relevant to lower target
dimensions have different convergence properties but the same type of perturbative trunca-
tion to a finite order in the coupling constants as is found in later sections in the small volume
and null moduli limit where only the action on the SL(2, Z) transformations is taken on the
string coupling. As a consistency in the decompactification limit where the radii are taken
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Table 4: “String” multiplets of E11−d(11−d) relevant to compactified Md × T 10−d IIB super-
string theory and their decompositions into SL(11− d, Z) and T-duality SO(10− d, 10− d)
groups.
d U-Duality Group string rep SL(11 − d) rep SO(10-d,10-d) rep
10 SL(2, Z) 1 1 1
9 SL(2, Z) 2 2 1 + 1
8 SL(2, Z) × SL(3, Z) (1,3) 3 1 + 2
7 SL(5, Z) 5 4+1 4 + 1
6 SO(5, 5, Z) 10 5+5¯ 1 + 8S + 1
5 E6(6)(Z) 2¯7 6 + 15 + 6¯ 1 + 10 + 16
4 E7(7)(Z) 133 7 + 28 + 35 + . . . 1 + (1+ 66) + 32 + . . .
to infinity, the successively higher-dimensional modular ansa¨tze for the S-matrix should be
retrieved.
In order to generalize the S-matrix form in dimensions d ≥ 7 analogous to the one
in ten dimensions, we need a systematic treatment of the Eisenstein series only for the
SL(p ≤ 5) groups, while in lower dimensions the exceptional groups enter as special cases
with representations that may be decomposed into the SL(p) ones or the T-duality ones.
The symmetry of the supergravity field equations pertaining to the U-duality group
enforce that the different states and solitonic configurations from the compactified string fall
into representations of the duality group [14]. These representations correspond to half-BPS
states and are used in the construction (5.56) to find invariant functions under E11−d(11−d)(Z)
which live on the fundamental domain parameterizing the moduli space of the compactified
IIB superstring theory (listed in Table 3). As discussed in [35], these representations are
listed in tables 4-6, and there may be degeneracy amongst the different constrained Eisenstein
series between the functions constructed from the different representations at lowest order
in derivatives, R4. Consistency requires the higher-derivative terms in the low-energy limit
to reduce under decompactification to the higher-dimensional forms (in integer dimensions).
In the remainder of the section we confirm the τ2 dependence in Einstein frame of the
perturbative series in different integral dimensions through comparison with the expansions
of the appropriate modular forms at small coupling. The agreement of the expansions with
the powers of τ2 is a check on the modular properties of the scattering in different dimensions.
The transformation of string frame to Einstein frame is given by
g(s)µν = e
αφg(E)µν , (5.59)
together with
√
g(s) = e
α d
2
φ√g(E) R(s) = e−αφR(E) . (5.60)
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Table 5: “Particle” multiplets of E11−d(11−d) relevant to compactified Md × T 10−d IIB
superstring theory and their decompositions into the fundamental SL and T-duality
SO(10− d, 10− d) groups.
d U-Duality Group particle rep SL rep SO rep
10 SL(2, Z) 1 1 1
9 SL(2, Z)(×Z2) 3 1+ 2 1 + 2
8 SL(2, Z)× SL(3, Z) (2,3) 3+3¯ 2 + 4
7 SL(5, Z) 10 4¯+6 4 + 6
6 SO(5, 5, Z) 16 5¯+10+ 1 8v + 8c
5 E6(6)(Z) 27 6 + 15 + 6¯ 1 + 10 + 16
4 E7(7)(Z) 56 7 + 21+ 7¯ + 2¯1 12 + 32 + 12
The Einstein frame of the Einstein-Hilbert action derived from the string frame is found
from,
α =
4
d− 2 , (5.61)
or in terms of the ten-dimensional string coupling g(10)s
g(s)µν = τ
− 4
d−2
2 g
(E)
µν s
(s)
ij = τ
4
d−2
2 s
(E)
ij , (5.62)
where we have illustrated how invariants scale also in (5.62).
In (5.62) we see that dimensions d < 6 is special: The Einstein frame coupling dependence
increases by τβ2 with β > 1 for every pair of derivatives in the low-energy expansion and the
transition dimension is d = 6. Six dimensions is also singled out due to the presence of
the four-form self-dual moduli. At weak IIB coupling, τ2 → ∞, the dimensions d ≤ 6 have
the feature that the tree-level terms are larger in string coupling at higher derivatives (in
d > 6 the terms are of smaller value), although the appropriate expansion parameter in this
comparison at low-energy is
α = p2(E)τ
4
d−2
2 , (5.63)
which may give a decreasing effect if the momentum scale is such that α < 1. (The volume
modulus is given in (5.65)). The coupling constant dependence in the low-energy S-matrix
expansion has the distinguishing feature in d ≤ 6, the same dimensions in which supergravity
has extra finiteness properties in the Regge limit and also to higher loop orders implied by
the automorphic IIB graviton scattering.
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Table 6: “Membrane” multiplets of E11−d(11−d) relevant to compactified Md × T 10−d IIB
superstring theory and their decompositions into the mapping class SL(10−d) and T-duality
SO(10− d, 10− d) groups.
d U-Duality Group memb. rep SL rep SO rep
10 SL(2, Z) 1 1 1
9 SL(2, Z) 1 1 1
8 SL(2, Z) × SL(3, Z) (2,1) 1+1 2
7 SL(5, Z) 5¯ 4+1 4 + 1
6 SO(5, 5, Z) 1¯6 5+10+ 1 8v + 8c
5 E6(6)(Z) 78 1 + 20 + 36 + . . . 16 + 1¯6 + (1+45)
4 E7(7)(Z) 912 1 + 35+. . . 32 + . . .
Alternatively, we may transform to Einstein frame in ten dimensions and then compactify
on an T 10−d torus, taking into account the volume dependence of the torii. The frame
dependence in (5.62) forces the perturbative series in Einstein frame of the compactified IIB
superstring to have tree-level contributions to ✷kR4 with the τ2 dependence,
Atree,k4 = Nk
[
τ2V
4
10−d
10−d
]( 3+k
d−2
)( 10−d
2
)
τ
3
2
+ k
2
2
∫
ddx
√
gE ✷
k
(E)R
4
(E) (5.64)
= NkV
2(3+k)
(d−2)
10−d τ
12+4k
d−2
2
∫
ddx
√
gE ✷
k
(E)R
4
(E) , (5.65)
where the volume factor τ2V
4
10−d
10−d is inert under the subgroup SL(2, Z) transformations of the
U-duality group in Einstein frame. In d = 10 the perturbative series reproduces the series
in (2.20) and sub-leading string genus corrections to (5.65) generate powers τ−2g2 relative
to the tree-level; the coefficient is modified in the toroidal compactifications due to the
volume dependence and scaling in d-dimensional compactified Einstein frame. We collect
some explicit powers of τ2 dependence of the ✷
kR4 terms in the low-energy expansion of the
IIB superstring S-matrix on Md × T 10−d dimensions below:
The τ2 dependence in (5.65) at tree-level in Einstein frame may be matched with the
modular form expansions in d ≤ 10 in accord with criteria (1) in section 2. The Eisenstein
function in lower dimensions on the appropriate fundamental domain with value s = 3/2
and s = 5/2 gives rise to the dependence in Table 7.
5.1 Asymptotic Limits
We give the large coupling expansions in this subsection and first examine the simplest
case, namely the SL(n, Z) Eisenstein functions to the fundamental (and anti-fundamental)
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Table 7: Example couplings in τβ2 at genus zero in Einstein frame.
d R4 ✷R4 ✷2R4 . . .
10 3
2
2 5
2
9 12
7
16
7
20
7
8 2 10
3
14
3
7 12
5
16
5
4
6 3 4 5
5 4 16
3
20
3
4 6 8 10
representations. The SL(2, Z) Eisenstein function to the fundamental representation is given
by
Es(τ, τ¯ ) =
∑
(p,q)6=(0,0)
τ s2
|p+ qτ |s , (5.66)
and for SL(n, Z) in the fundamental representation we have the explicit analogous function,
E
SL(n,Z)
R=d,s (φj) =
∑
(m1,...,mn)6=0
1
[migij(φk)mj ]
s . (5.67)
The anti-fundamental representation is given by (5.67) but with indices lowered/raised. The
series in (5.67) is absolutely convergent only for s > n/2.
Upon taking a d-dimensional torus into a direct product of one circle of radius R times
a T d−1 generically non-orthogonal torus together with large R, the limit of (5.67) is
E
SL(d,Z)
R=d,s (φj) = E
SL(d−1,Z)
R=d−1,s (φ˜j) +
2πsΓ(s− d−1
2
)ζ(2s− d+ 1)
πs−
d−1
2 Γ(s)R2s−d+1Vd−1
(5.68)
+
2πs
Γ(s)R2s−d−1
∑
ma,nb
|n
agabn
b
m2
|Ks− d−1
2
(
2π|m|R
√
nagabnb
)
. (5.69)
The asymptotic limit in (5.69) of E
SL(d,Z)
R=d,s (φj) gives rise to the Eisenstein series of SL(d− 1)
to the fundamental representation together with an infinite number of terms depending on
the large radius (one power-behaved and the rest exponentially suppressed) which vanish
as R → ∞. Although only the fundamental representation is analyzed in (5.69) a similar
structure is expected for other representations of the duality group U(Z); the zero moduli
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approximation also generates this limit. This structure is consistent with the expected form
of the modular properties of the S-matrix in the decompactification limit and the exponential
terms in the expansion of the forms represent the various wrapping of string solitonic states
in the compact directions of the compactified torii dimensions. In subsequent work we
shall analyze the d-dimensional form in view of the finite radii dependence of the toroidal
compactifications.
The weak coupling expansion is defined by taking the dilaton IIB scalar to large vacuum
expectation value (small string gs coupling constant). Turning off all of the vacuum values of
the scalar fields except for τ which is acted on by the S-duality SL(2, Z) subgroup of U(Z),
these (regulated) functions reduce to the Eisenstein series for ESL(2,Z)s (τ, τ¯ ) together with a
perturbative truncation property described in previous sections that gives rise to the same
power counting in the low-energy limit of the superstring scattering elements.
We can consider the special point of the moduli of the toroidally compactified theory when
all moduli except for the ten-dimensional dilaton have vanishing values. In this case, the large
τ2 behavior of the Eisenstein series in (5.53) may be constructed by solving the differential
equation for the SL(p, Z) representation decompositions into the SL(2, Z) subgroup of the
various string multiplet contributions. The functional form of the small moduli contribution
is invariant under SL(2, Z) transformations and is,
E
E11−d(11−d)
s (τ, τ¯) =
[
τ2V
4
10−d
10−d
]( 3+k
d−2
)( 10−d
2
) ∑
(p,q)6=(0,0)
τ s2
|p+ qτ |2s + . . . , (5.70)
for k = 2s− 3, which truncates in every dimension, as it does in d = 10 (for the subtracted
or convergent series Es). The form in (5.70) is due to the SL(2, Z) subgroup of the larger
U-duality group. Constructions using the generalized Eisenstein series follows similarly in
the toroidal compactifications, with the difference involving the volume factor of the 10− d
dimensional tori. The unitarity construction described in previous sections gaurantees that
the imaginary parts will also be invariant under the U-duality group, after construction of
the supersymmetric extension of the ✷kR4 terms and integrating to find the imaginary parts.
5.2 D=8 Example
In the remainder of this section we give an example for the polynomial terms in the low-energy
expansion of the S-matrix in the compactified theories analogous to the one presented for
the uncompactified IIB superstring but invariant under the larger U-duality group. We give
the example of the D = 8 theory which has a U-duality group in the toroidally compactified
theory of SL(2, Z)×SL(3, Z) and a set of scalars parameterizing the fundamental domain of
SO(2, R)×SO(3, R)\SL(2, R)×SL(3, R)/SL(2, Z)×SL(3, Z). An explicit parameterization
of the moduli space consists of the complex structure of the two-torus with metric (and
volume V = V2),
gab =
V
U2
(
1 U1
U1 |U |2
)
(5.71)
where U spans the region U(1)\SL(2, R) and with the enhanced moduli of SL(3, R)/SO(3).
The scalar τ2V is invariant under the SL(2, Z) sub-group of SL(3, Z) acting on the IIB scalar
τ . The moduli of SL(3, R)/SO(3) consist of the dilatonic and axionic couplings τ together
with those of the reduction of the anti-symmetric complex tensors BNS,R = ǫabB
ab
NS,R grouped
as B = BR + τBNS into the symmetric coset matrix form with the matrix satisfying the
determinant detM = 1 condition,
M = (τ2V )
−1/3


1
τ2
τ1
τ2
R(B)
τ2
τ1
τ2
|τ |2
τ2
R(τ¯B)
τ2
R(B)
τ2
R(τ¯B)
τ2
τ2V
2 + |B|
2
τ2

 . (5.72)
The matrix M in (5.72) together with U parameterizes the scalar manifold U(1)\SL(2, R)×
SL(3, Z)/SO(3, R) of the classical IIB superstring theory compactified on a two-torus with
metric in (5.71) and the complex structure parameterized by U . The action of the scalars
and Einstein-Hilbert low-energy theory is
S =
1
κ28
∫
d8x
√
g
[
R− ∂U∂U¯
U22
+
1
4
Tr(∂M∂M−1)
]
, (5.73)
and we are primarily interested in this work in the string corrections to gravitational action.
The Eisenstein series relevant to the eight-derivative term has been elucidated for the R4
term in [34, 35].
The R4 term in Einstein frame arising in the low-energy expansion is described in (5.55).
In accord with the functional form in (2.3) and (2.13) we take the twelve derivative term to
be
S12d=8 =
∫
d8x
√
g E
SL(2,Z)×SL(3,Z)
string;s=5/2 (φj) ✷
2R4 , (5.74)
which generalizes to arbitrary dimensions to
S12d =
∫
ddx
√
g E
E11−d(11−d)(Z)
string;s=5/2 (φj) ✷
2R4 . (5.75)
The string multiplet in d = 8 decomposes under SL(2, R)×SL(3, Z) into the representation
1× 3, and accordingly, the automorphic contribution in (5.74) breaks into,
S12d=8 =
∫
d8x
√
g E
SL(3,Z)
3;5/2 (φ
(2)
j )
]
✷
2R4 , (5.76)
28
or alternatively,
S12d=8 =
∫
d8x
√
g
[
E
SO(2,2,Z)
1;s˜1 (φ
(1)
j ) + E
SO(2,2,Z)
2;s˜2 (φ
(2)
j )
]
✷
2R4 . (5.77)
The modular weights s1 = 3/2 and s2 = 5/2 are determined by decomposing the form
of the modular summand into the lower representations. The complex structure of the
torus U parameterizes the SL(2, R)/U(1) portion of the T-duality group (SO(2, 2, R) =
SL(2, R)× SL(2, R)) and in the decompactification limit.
The SL(3, Z) Eisenstein functions entering into (5.76) are explicitly in the fundamental
representation constructed from the matrix in (5.72),
E
SL(3,Z)
3;s (φ
(2)
j ) =
∑
a,b=1,2,3
∑
na,nb
1
[naMabnb]
s
=
∑
(n1,n2,n3)6=(0,0,0)
τ s2
(τ2V )
s/3
[|n1 + n2τ + n3B|2 + (n3τ2V )2]s , (5.78)
togther with the (subtracted) form of the order one Eisenstein funtion of the complex struc-
ture U ,
Eˆ
SL(2,Z)
1;1 (φ
(1)
j ) = −π ln
(
U |η(U)|4
)
, (5.79)
that we must also add in. The series in (5.78) is explicitly invariant under the SL(3, Z)
transformations and to leading order in τ2 has the expected power dependence to agree with
the Einstein frame string coupling at tree-level (as it must if the compactified string theory
possesses a U-duality structure). At small volume and at zero B moduli we have,
E
SL(3,Z)
3; 5
2
(φ
(2)
j ) = τ
10
3
2 V
5
3
∑
(m,n)6=(0,0)
1
|m+ nτ |5
= τ
5
6
2 V
5
3
(
τ
5
2
2 ζ(5) + aτ
− 3
2
2 +O
(
e2πiτ
))
. (5.80)
The perturbative series in (5.80) only receives contributions at genus zero and two in this
limit.
In the decompactification limit R1, R2 →∞, the functional form in (5.74) must reconcile
with the d = 9 and d = 10 results for the twelve-derivative term and be invariant under the
U-duality group SL(2, Z). Using (5.69), we see that the only term surviving the large R
limit is the SL(3, Z) Eisenstein function in (5.76), which correctly limits to an order s = 5/2
SL(2, Z) Eisenstein function. It would be interesting to check the finite radius dependence
further.
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6 Perturbative truncations in integral dimensions
In this section we examine the implications of the perturbative truncation, that of a maxi-
mum genus for individual terms in the derivative expansion, with maximally extended su-
pergravity theories. The modular structure of the graviton scattering amplitude indicates
the perturbative truncation property in different dimensions and implies a similar behavior
in supergravity. This property is present already at order ✷2R4 [5, 16]. Two options to
explain the perturbative truncation implied by the modular structure are either an infinite
number of independent cancellations at each genus between the massive and massless modes
are nullifying the contributions to ✷kR4 for k ≥ 2, or that the massive modes give rise to
order α′ higher corrections compared with the supergravity modes in the low-energy limit
(as at g = 0 and g = 1) and that IIB supergravity possesses this truncation.
In order to compare the string amplitudes with the supergravity ones: the massive modes
need to be distinguished from the massless ones in the α′ → 0 limit at g ≥ 3, the ghost
dependence in the string amplitudes needs to be disentangled in the field theory limit, and
regulator dependence in the supergravity theory implied by the integration region coming
from the moduli space (at one-loop in (2.12)) has to be examined with regards to possible
cancellations due to the region of integration. Ghost dependence in the genus two four-
graviton scattering amplitude, for example, naively indicates a contribution to the R4 term
in the derivative expansion before moduli integration that is in disagreement with explicit
two-loop supergravity graviton scattering [33]; consistency with S-duality and perturbative
supergravity requires these dependencies to integrate to zero.
In the IIB supergravity limit of the superstring scattering, primitive divergences in d = 10
of the four-point amplitude are of the form:
AL=1,m=04 ∼ Λ2R4 +✷R4 + . . . (6.81)
AL=1,m6=04 ∼ ✷R4 +✷2R4 + . . . (6.82)
The α′ indicates an overall factor of ✷ or sij in comparison to the massless modes after they
are normalized correctly at the given order.
At two-loops in field theory, an explicit twelve derivatives may be extracted from the
loop integration and the amplitude has the generic tensor structure,
AL=2,m=04 ∼ ✷2
(
Λ6 + Λ4✷+ Λ2✷2 +✷3
)
R4 + . . . . (6.83)
Explicit string theory calculations at genus two may be computed in the α′ → 0 limit. If
the massive modes of the string contribute at an order α′ higher in the low-energy limit (as
at order g = 0 and g = 1), then an additional pair of derivatives must also be extracted,
AL=2,m6=04 ∼ ✷3R4 + . . . . (6.84)
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Figure 5: Example non-planar Feynman diagrams in supergravity contributing to the four-
point function computed in [15] illustrated without the additional loop tensor within the
integrand.
At tree and one-loop level the massive modes explicitly contribute an order higher in α′, and
it is reasonable to suspect that such a property persists at higher order. However, an explicit
integration of the genus two four-point function in the low-energy limit is required; picture
dependence in this order complicates the analysis although unitarity might be faulted if this
were not the case.
At three-loops the conjectured form [15] of the four-point supergravity amplitude in ten
dimensions leads to
AL=3,m=04 ∼ ✷2
(
Λ14 + Λ12✷+ ...
)
R4 (6.85)
and if the massive modes contribute to a higher-order in α′ then again their contribution
must be of an order higher in derivatives by dimensional analysis,
AL=3,m6=04 ∼ ✷3R4 + . . . . (6.86)
The contribution to ✷2R4 in the low-energy limit of the IIB superstring amplitude gets
contributions at most from genus two from the modular form E5/2(τ, τ¯) Eisenstein function;
this requires the leading divergence in (6.85) to have a zero coefficient.
The agreement of the low-energy field theory modelling of the superstring requires an
infinite number of cancellations or nullifications at higher genus for every ✷k term in the
low-energy expansion. The genus zero and two contributions to the ✷2R4 term in the ten-
dimensional S-matrix, for example, indicates that separately every contribution (primitive
ones above for example) proportional to ✷2 at g > 2 has to be zero (every perturbative
term at different genus differs by powers of τ 22 ). The same structure occurs because of the
truncation gkmax =
1
2
(k+2) and gkmin =
1
2
(k+1), for even and odd k, for the higher derivatives.
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The perturbative counting arising from the Eisenstein series, i.e. gmin = 0 to g
k
max, is
most naturally explained in the field theory by an explicit extraction of an additional four
derivatives at every order (as found for example at loop order one and two). In the Regge
limit, where only the ladder diagrams contribute in the construction of [15], this property is
seen to infinite loop order for the massless modes, and pure N = 8 supergravity at vanishing
moduli is finite in this kinematical regime to all orders in four through six dimensions.
However, at three-loops it is not clear if an additional set of momenta may be extracted
from the complete set of integral functions contributing to the amplitude due to possible non-
planar contributions possessing only three- and higher particle cuts; the complete form of the
non-planar contributions to the four-point supergravity amplitude are not explicitly known
to this order and the tensor property of three and higher loops within the amplitude for the
supergravity modes is an open question. Sample non-planar contributions are illustrated in
Figure 5, where the internal powers of l4 are not inserted [15].
The tensor property, i.e. an extraction of internal loop momenta associated with the
gravitational couplings in the pattern 4(1 + L), implies that N = 8 supergravity with all
moduli tuned to zero except for the dilaton coupling is finite in four, five and six dimensions.
The fact that the modular ansatz indicates such a cancellation in the different integer
dimensions is suggestive of the tensor property, perhaps in a string-inspired regulator at
higher loop order that preserves the S-duality structure in the supergravity quantum field
theory. Such cancellations after integration could be associated with boundaries of the
integration region and divergence contributions vanishing on them in different dimensions (for
example,
∑
(p,q)6=(0,0) 1/|p+qτ |4 on the fundamental domain at genus one). A complete three-
loop supergravity divergence calculation is necessary to find out if there is a cancellation in
the field theory (before or after integration), or an explicit two-loop string theory calculation
to disentangle picture dependence in the field theory limit and verify the q expansion of the
massive modes.
7 Conclusions
We have explored a manifestly S-duality (and U-duality) invariant perturbative series in
the derivative expansion of four-graviton scattering in IIB superstring theory compatible
with the perturbative structure. Generalizations to higher-point gravitational amplitudes
are straightforward. We have written the derivative expansion in terms of combinations of
generalized Eisenstein series with coefficients not generally fixed by tree-level IIB graviton
scattering. In ten dimensions this form predicts the absence of singularities in the moduli
space of vacua which is consistent with taking into account all non-perturbative corrections.
The duality structure imposes strong constraints on the perturbative series from the per-
turbative superstring amplitude calculations. Imposing the duality structure is an additional
postulate on the S-matrix akin to unitarity in the approach of analytic S-matrix theory, and
allows the exciting possibility of determining the functional form of graviton scattering in
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IIB superstring theory. The form of the scattering amplitude is also useful for computing fi-
nite λ = g2N effects of N = 4 super Yang-Mills correlation functions through the AdS/CFT
correspondence [38, 39, 40].
Unitarity of the massless modes is SL(2, Z) invariant by construction in this formulation.
The thresholds associated with the massive modes of the string must be found by summing
the derivative expansion. Furthermore, these thresholds at genus one and higher in IIB
string perturbation theory are additional constraints not yet imposed on the full functional
form of the derivative expansion in this work, and could be used to fix the coefficients of the
linear combinations of the Eisenstein series. Factorization conditions and consistency of the
D-instanton corrections with the coupling constant dependence of the instantons through a
holographic AdS relation to N = 4 super Yang-Mills also provide additional constraints.
This approach, via T-duality from IIB theory on a circle, provides an avenue for pinning
down in the derivative expansion the covariantized form of graviton scattering in the eleven-
dimensional corner of M-theory. Furthermore, the same approach may be used to find
the constraints of S-duality on the low-energy scattering obtained purely in N = 4 super
Yang-Mills theory, the planar form of which in the unbroken theory has been conjectured in
perturbation theory in terms of integral functions for the four-gluon scattering process [37].
Additional analysis through instanton calculus or constraints such as those listed above
are necessary to determine uniqueness or possible contributions of cusp forms, for example,
at higher derivatives which generate non-perturbative corrections. Further checks of S-
duality at the amplitude level involve low-energy expansions of g ≥ 2 genus four-graviton
contributions.
The modular property in this work predicts a perturbative truncation, that of a maxi-
mum genus contribution for a given derivative order, when expanded in the string coupling
constant beyond the known supergravity structure at two-loops. Although the direct field
theory limit of the superstring is difficult to obtain explicitly for genus greater than two, the
most straightforward interpretation given the α′ expansion in the field theory limit is that
the perturbative series of the massless modes also truncates, perhaps in one regulator that
preserves the remnant of the S- and U-duality in the supergravity approximation or field
equations. This feature in maximally extended supergravity theory indicates a much higher
degree of finiteness in four through six dimensions than expected.
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